We investigate the microscopic description of exciton-polaritons that involves electrons, holes and photons within a two-dimensional microcavity. We show that in order to recover the simplified exciton-photon model that is typically used to describe polaritons, one must correctly define the exciton-photon detuning and exciton-photon (Rabi) coupling in terms of the bare microscopic parameters. For the case of unscreened Coulomb interactions, we find that the exciton-photon detuning is strongly shifted from its bare value in a manner akin to renormalization in quantum electrodynamics. Within the renormalized theory, we exactly solve the problem of a single exciton-polariton for the first time and obtain the full spectral response of the microcavity. In particular, we find that the electron-hole wave function of the polariton can be significantly modified by the very strong Rabi couplings achieved in current experiments. Our microscopic approach furthermore allows us to properly determine the effective interaction between identical polaritons, which goes beyond previous theoretical work. Our findings are thus important for understanding and characterizing exciton-polariton systems across the whole range of polariton densities.
I. INTRODUCTION
A strong light-matter coupling is routinely achieved in experiment by embedding a semiconductor in an optical microcavity [1] . When the coupling strength exceeds the energy scale associated with losses in the system, one can create hybrid light-matter quasiparticles called polaritons, which are superpositions of excitons and cavity photons [2] [3] [4] . Such exciton-polaritons have been successfully described using a simple model of two coupled oscillators, where the exciton is treated as a rigid, pointlike boson. This simple picture underpins the multitude of mean-field theories used to model the coherent many-body states of polaritons observed in experiment, such as Bose-Einstein condensation and superfluidity [5] [6] [7] [8] [9] [10] . However, with advances in device fabrication leading to cleaner samples, higher quality cavities and stronger light-matter coupling, experiments are now entering a regime where the composite nature of the exciton plays an important role.
Most notably, the structure of the exciton bound state determines the strength of the polariton-polariton interactions, which are currently a topic of major interest since they impact the many-body physics of polaritons, as well as the possibility of engineering correlations between photons [11, 12] . In the absence of light, the lowmomentum scattering of excitons can be theoretically estimated by considering exchange processes involving electrons and holes [13, 14] . However, for the case of polariton-polariton interactions, the exchange processes are complicated by the coupling to photons, and there are currently conflicting theoretical results in the literature [14] [15] [16] [17] . Moreover, none of these previous works properly include light-induced modifications of the exciton wave function, which can be significant at strong light-matter coupling [18] and which are crucial for determining the polariton-polariton interaction strength, as we show here.
By increasing the photon intensity, there is also the prospect of accessing the high-excitation regime of the microcavity, where the exciton Bohr radius becomes comparable to or exceeds the mean separation between polaritons [19] [20] [21] [22] [23] . This scenario is likely to be realized in the near future [24] and further underlines the need for a microscopic description that goes beyond the simple exciton-photon model.
In this paper, we exactly solve the problem of a single exciton-polariton within a low-energy microscopic model of electrons, holes and photons in a two-dimensional (2D) microcavity. In contrast to previous variational approaches to the problem [18, 25, 26] , we capture all the exciton bound states and the unbound electron-hole continuum, which are important for describing the regime of very strong light-matter coupling. Furthermore, we find that the cavity photon frequency is renormalized from its bare value by an amount that is set by the ultraviolet (UV) cutoff, since the photon couples to electron-hole pairs at arbitrarily high energies in this model. In other words, the microscopic model includes processes that determine the dielectric function of the microcavity. This crucial point has apparently been overlooked by all previous theoretical work on the electron-hole-photon model.
Within the renormalized microscopic model, we can formally recover the simple exciton-photon model in the limit where the exciton binding energy is large compared with the light-matter (Rabi) coupling. However, for larger Rabi coupling, we find that the exciton wave function is significantly modified, consistent with recent experimental measurements of the exciton radius in the upper and lower polariton states [27] . Moreover, we find that the upper polariton becomes strongly hybridized with the electron-hole continuum and thus cannot be described within a simple two-level model in this regime. Our microscopic approach, on the other hand, allows us to capture the full spectral response of the microcavity for a range of different Rabi coupling strengths.
Finally, we use our exact results for the polariton wave function to obtain an estimate of polariton-polariton interactions that goes beyond previous calculations [14-16, 28, 29] . In particular, we find that exchange interactions for a finite density of polaritons have a much smaller effect on the Rabi coupling than previously thought, due to the light-induced reduction of the exciton size in the very strong coupling regime.
II. MODEL
To describe a semiconductor quantum well embedded in a planar optical cavity, we consider an effective twodimensional model that includes light, matter, and the light-matter coupling:
The photonic part of the Hamiltonian iŝ
Here, c † k and c k create and annihilate a cavity photon with in-plane momentum k, while ω ck = k 2 /2m c is the 2D photon dispersion with m c the effective photon mass. For convenience, we write the cavity photon frequency at zero momentum, ω, separately. Note that throughout this paper we work in units where and the system area A are both 1.
The photons can excite electron-hole pairs across the band gap in the semiconductor, and these are in turn described by the Hamiltonian
where, for simplicity, we neglect spin degrees of freedom. e † k and h † k are the creation operators for electrons and holes at momentum k, respectively, and the corresponding dispersions are ω e,hk = k 2 /2m e,h in terms of the effective masses m e and m h . We explicitly include the electron-hole bandgap E g in the single-particle energies.
The interactions in the semiconductor quantum well are described by the (momentum-space) Coulomb potential V (q) = π mra0q , which we write in terms of the Bohr radius a 0 and the electron-hole reduced mass m r = (1/m e + 1/m h ) −1 . In the absence of light-matter coupling, the Hamiltonian (3) leads to the existence of a hydrogenic series of electron-hole bound states, i.e., excitons, with energies
which are independent of the pair angular momentum. Note that here and in the following we measure energies from the electron-hole continuum, or bandgap. Of particular interest are the circularly symmetric s exciton states since these are the only ones that couple to light in our model. As a function of the electron-hole separation r, these exciton states have the wave functions [30] Φ ns (r) =
where L n are the Laguerre polynomials. Due to its importance in the following discussion, we will denote the binding energy of the 1s exciton as measured from the continuum by E B = 1/(2m r a 2 0 ), while we also note that its momentum-space wave function is
Finally, the termĤ g describes the strong coupling of light to matter,
Here we have applied the rotating wave approximation, which should be valid when the light-matter coupling g a 0 E g . The form of Eq. (7) ensures that photons only couple to electron-hole states in s orbitals, since the coupling strength g is momentum independent.
III. RENORMALIZATION OF THE CAVITY PHOTON FREQUENCY
We now show how the light-matter coupling in the microscopic model leads to an arbitrarily large shift of the bare cavity photon frequency ω, thus necessitating a renormalization procedure akin to that used in quantum electrodynamics (see Fig. 1 ). Since the argument is independent of the photon momentum, we focus on photons at normal incidence, i.e., at zero momentum in the plane, and we relegate the details of the finite-momentum case to Appendix A.
To illustrate the need for renormalization in the simplest manner possible, we start with a single photon in the absence of light-matter coupling, corresponding to the state c † 0 |0 with cavity frequency ω, where |0 represents the vacuum state for light and matter. We then use second-order perturbation theory to determine the shift in the cavity photon frequency for small coupling g,
The first term on the right hand side of (8) is a convergent sum involving the exciton bound states in the s-wave channel, while the second term results from unbound electron-hole pairs, i.e., e † k h † −k |0 for a given relative momentum k, where we have neglected scattering induced by the Coulomb interaction. We can immediately see that the momentum sum diverges, unless we impose a UV momentum cutoff Λ, in which case we have ∆ω ∼ −g 2 m r ln Λ. Note that g is a well-defined coupling constant since the corrections to the exciton energies do not depend on Λ. Indeed, for the ground-state exciton, the lowest-order energy shift due to light-matter coupling is
which resembles what one would expect from the simple exciton-photon model [1, 31] . Physically, the cutoff Λ is determined by a high-energy scale of the system such as the crystal lattice spacing, which is beyond the range of validity of our low-energy microscopic Hamiltonian. Therefore, we require a renormalized cavity photon frequency that is independent of the high-energy physics associated with Λ. Indeed, this is reminiscent of the logarithmic UV divergence occurring in the vacuum polarization of quantum electrodynamics [32] , which leads to a screening of the electromagnetic field. We emphasize that the emergence of a UV divergence should not be interpreted as a failure of perturbation theory [33] , but persists in the full microscopic theory as we now demonstrate.
To proceed, we consider the most general wave function for a single polariton at zero momentum
Here, and in the following, we assume that the state is normalized, i.e., Ψ|Ψ = k |ϕ k | 2 + |γ| 2 = 1. We then project the Schrödinger equation, (E + E g −Ĥ) |Ψ = 0, onto photon and electron-hole states, which yields the coupled equations
where we have again defined the energy E with respect to the bandgap energy E g . Defining
and rearranging Eq. (11a) gives the electron-hole wave function
In the absence of light-matter coupling, the lowest-energy excitonic solution corresponds to the 1s exciton state, i.e., ϕ k = β k =Φ 1sk . However, once g = 0, we see that the electron-hole wave function is modified by the photon, even in the limit of small g. Light-induced changes to the exciton radius have previously been predicted within approximate variational approaches [18, 25, 26] and have already been observed in experiment [27] . Our exact treatment shows that even the functional form of the exciton wave function changes, since the second term in Eq. (12) yields ϕ(r) ∼ gγm r ln(r)/π in real space as r → 0. By contrast, the function β(r) is regular at the origin (see Appendix B), and hence the definition Eq. (12) serves to isolate the divergent short-range behavior of the electron-hole wave function. The short-distance behavior of the real-space exciton wave function is intimately connected to the renormalization of the bare cavity photon frequency. To see this, we rewrite Eq. (11) in terms of β k :
Here, one can show that all the sums are convergent except for the sum on the left-hand side of Eq. (13b), which displays the same logarithmic dependence on the UV cutoff Λ as in Eq. (8) . Thus, we have isolated the high-energy dependence, which can now be formally removed by relating the bare parameter ω to the physical cavity photon frequency observed in experiment.
A. Relation to experimental observables
Experimental spectra are typically fitted using phenomenological two-level exciton-photon models in order to extract the polariton parameters. Therefore, we must recover such a two-level model from Eq. (13) in order to relate the bare parameters in our microscopic description to the observables in experiment. This is easiest to do in the regime g a 0 E B , which is what exciton-photon models already implicitly assume [31] . In this limit, we can assume that the convergent part of the exciton wave function is unchanged such that β k βΦ 1sk , where β is a complex number.
Applying the operator kΦ 1sk {·} to Eq. (13a) and using the Schrödinger equation forΦ 1sk , we obtain (14) where we have taken E −E B in the intermediate step since the energies of interest are close to the exciton energy in this limit. Similarly, we can approximate Eq. (13b) as
. (15) If we now identify the Rabi coupling as
and the (finite) physical photon-exciton detuning as
we arrive at the following simple two-level approximation of Eq. (13):
This yields the standard solutions for the lower (LP) and upper (UP) polaritons, with corresponding energies:
and photon Hopfield coefficients
Note that the (positive) exciton Hopfield coefficent is simply β = 1 − |γ| 2 , and |γ| 2 is the photon fraction. With the identifications (16) and (17), the set of equations (13) (or equivalently (11)) now represents a fully renormalized problem where the momentum cutoff can be taken to infinity without affecting the low-energy properties. While the exciton-photon Rabi coupling (16) has been defined previously [14] , the detuning (17) differs from previous work [17, [19] [20] [21] 23 ], which only considered the bare cavity photon frequency ω.
B. Diagrammatic approach to renormalization
To provide further insight into the origin of the photon renormalization, we now present an alternative derivation in terms of Feynman diagrams, as illustrated in Fig. 1 . The key point is that the energy spectrum produced by Eq. (13) (or Eq. (11)) may also be determined from the poles of the (retarded) photon propagator once this is appropriately dressed by light-matter interactions.
We first note that the photon propagator G C satisfies the Dyson equation [34] in Fig. 1 (a):
where is the photon propagator in the absence of light-matter coupling (we remind the reader that we measure energy from E g ), and Σ is the self energy. Throughout this subsection, we will assume that the energy contains a positive imaginary infinitesimal that shifts the poles of the photon propagator slightly into the lower half plane. For simplicity, we again consider the photon at normal incidence -our arguments are straightforward to generalize to finite momentum. As shown in Fig. 1 (b,c), the photon self energy Σ arises from all possible scattering processes involving the excitation of an electron-hole pair. This can be written as the sum of two terms
with
Here, we see that Σ (1) is cutoff dependent, while Σ (2) is well behaved and depends on the electron-hole T matrix T (k, k ; E) at incoming and outgoing relative momenta k and k , respectively. Note that the T matrix only depends on the Coulomb interaction and can be completely determined in the absence of light-matter coupling.
We are now in a position to find the spectrum of the dressed photon propagator. From its definition, Eq. (21), we see that the poles satisfy
This expression is very reminiscent of Eq. (13b), and indeed we demonstrate in Appendix B that Eq. (13) directly leads to Eq. (25) . While the right hand side of Eq. (25) is convergent (see Appendix B), the sum on the left hand side again depends logarithmically on the cutoff Λ. This necessitates the redefinition of the cavity photon frequency to cancel this high-energy dependence, in the same manner as in Eq. (17) . While all properties of the electron-hole-photon system can equally well be extracted from the diagrammatic approach, we find it more transparent in the following to work instead with wave functions. For completeness, we mention that the integral representation of the electronhole Green's function was derived in Ref. [35] , and we use this in Appendix B to obtain an integral representation of the T matrix.
IV. EXACT RESULTS FOR A SINGLE EXCITON-POLARITON
We now turn to the polariton eigenstates and energies within our low-energy microscopic Hamiltonian (1) . We obtain exact results by numerically solving the linear set of equations (11) using the substitutions (16) and (17) to relate the bare microscopic parameters to the physical observables in the two-level model (18) . Even though the unscreened Coulomb interaction features a pole at q = 0, we emphasize that this is integrable, and thus Eq. (11) can be solved using standard techniques for Fredholm integral equations [36] . Figure 2 shows how our numerical results compare with the energies and photon fractions of the upper and lower polariton states predicted by the two-level model (18) . In the regime Ω E B , we find good agreement between the two models, where the LP and UP states respectively correspond to the first and second lowest energy eigenstates of Eq. (11) . Note that there will be deviations when the UP state approaches the electron-hole continuum at large photon-exciton detuning, since the two-level model cannot capture the fact that the UP evolves into the 2s exciton state in this limit -see the energy in the limit of large detuning in Fig. 2(a) , and the associated strong suppression of the photonic component in Fig. 2 
(d).
For very strong light-matter coupling, where Ω ∼ E B , the two-level model fails to describe the UP state even close to resonance, δ = 0, since in this case, the photon becomes strongly coupled to higher energy exciton states and the electron-hole continuum. This manifests itself as a suppression of the photon fraction in the second lowest eigenstate of Eq. (11), as displayed in Fig. 2(e,f) . Such behavior cannot be captured by simply including the 2s exciton state, like in the case of weaker Rabi coupling. Indeed, we find that it cannot even be fully described with a model that includes all the exciton bound states, thus highlighting the importance of the electron-hole continuum. However, note that for the parameters shown in Fig. 2(a-c) , the UP state obtained within the microscopic model always lies below the continuum, and it thus still corresponds to a discrete line in the energy spectrum (if we neglect photon loss and sample disorder).
To further elucidate the behavior of the polariton states, we calculate the spectral response that one can observe in experiment. Specifically, we focus on the scenario where the detuning is tuned to resonance (i.e., δ = 0) and the polariton momentum Q is varied. Thus, we solve the equations for the finite center-of-mass case in Appendix A and then numerically obtain the photon propagator at momentum Q and energy E:
Here Γ accounts for the finite lifetime effects in the microcavity, while |γ n | 2 and E n correspond to the photon fraction and energy, respectively, of the nth eigenstate in the finite-momentum problem, Eq. (A2). The different spectral responses can then be directly extracted from G C (Q, E) [38, 39] . The spectral function has also been previously calculated in Ref. [40] , but within an unrenormalized theory.
In Fig. 3 we display the photon transmission spectrum T (Q, E) ∝ |G C (Q, E)| 2 -note that the precise proportionality factor depends on the details of the microcavity [38, 39] . When Ω E B , we see that we recover the usual polariton dispersions predicted by the two-level model, even for energies E > 0 where there is no bound exciton. However, for larger Rabi couplings, the UP line at positive energies becomes progressively broadened by interactions with the continuum of unbound electron-hole states, while for negative energies it becomes strongly modified by the 2s exciton state, as shown in Fig. 3(b,c) .
In particular, we observe that the spectral weight (or oscillator strength) of the UP state is significantly reduced, as has been observed in experiment. This reduction in UP oscillator strength is due to the transfer of the photonic component to other light-matter states involving both the electron-hole continuum as well as the higher energy exciton bound states. Indeed, in the very strong coupling regime, one can in principle probe Rydberg exciton-polaritons involving the exciton states of larger n [41] . Note that the behavior in Fig. 3 implicitly depends on the electron-hole reduced mass as well as the exciton mass, which is beyond the two-level model.
In contrast to the upper polariton, the spectral properties of the lower polariton are remarkably close to those predicted by the two-level model in the regime Ω ∼ E B , as shown in Figs. 2 and 3 . This is not unreasonable since the LP state is well separated in energy from all the excited electon-hole states. On the other hand, Eq. (12) implies that the electron-hole wave function of the polariton becomes strongly modified by the coupling to light. To confirm this, we plot in Fig. 4(ad) the (normalized) real-space electron-hole wave function at zero center of mass momentum, corresponding toφ(r) = Eq. (12) . Moreover, the coupling to light can significantly shrink (expand) the size of the bound electron-hole pair in the lower (upper) polariton, as shown in Fig. 4(e,f) .
Light-induced modifications to the exciton size have also been investigated using a variational approach [18] , where the electron-hole wave function is assumed to have the same form as the 1s exciton state, but with a different Bohr radius a 0 /λ. In general, such a wave function is a superposition of an infinite number of s-orbital exciton and continuum states, and is thus closer to our approach than the simple two-level model. Minimizing the We also show the 1s exciton wave function and average separation (thin black line). In (e,f) the purple lines correspond to the result (27) from the variational approach [18, 25] , where we take the detuning to beδ (see main text).
energy with respect to the variational parameter λ yields the usual two-level Hamiltonian (18) but with a shifted photon-exciton detuningδ = δ − Ω 2 /E B [25] . Therefore, once we identifyδ as the physical detuning, the variational approach recovers the standard polariton states, even though the exciton radius is changed, such that
where γ is given by Eq. (20) with δ replaced by the new detuningδ. Thus we see that the light-induced changes to the exciton wave function shift the cavity photon frequency in a manner that resembles the renormalization appearing in the exact problem, although the shift is independent of the UV momentum cutoff since the variational wave function is chosen to be regular at the origin. This formal similarity between the exact and variational approaches provides a possible explanation for why the exact LP state is so well approximated by the two-level model in Figs. 2 and 3 despite having a strongly modified electron-hole wave function. In Fig. 4(e,f) , we see that the variational approach (27) qualitatively captures how the exciton radius changes with Rabi coupling and detuning. However, it gives λ = 0, i.e., a diverging radius, for the upper polariton when the UP energy in Eq. (19) crosses zero, and it thus fails to describe the UP as it approaches the electronhole continuum. Moreover, even in the case of the LP, the variational approach noticeably overestimates the change in the exciton size in the very strong coupling regime.
Finally we note that, unlike Ref. [19] , we do not obtain strongly bound electron-hole pairs with a radius that is far smaller than the Bohr radius a 0 for experimentally relevant parameters. Consequently, we conclude that the electron-hole pairs in the presence of photons should not be considered as Frenkel excitons. We attribute this major qualitative difference to the unrenormalized nature of the theory considered in Ref. [19] .
V. POLARITON-POLARITON INTERACTION
We now demonstrate how our microscopic model of exciton-polaritons allows us to go beyond previous calculations [14-16, 28, 29] of the interaction strength g PP for spin-polarized lower polaritons at zero momentum. An accurate knowledge of this interaction strength is fundamental to understanding the many-body polariton problem, both in the mean-field limit [3, 4] and beyond. However, its precise value has been fraught with uncertainty, as experiments have reported values differing by several orders of magnitude [42] [43] [44] [45] [46] . Moreover, there are conflicting theoretical results regarding the effect of the light-matter coupling [14] [15] [16] [17] .
The key advantage of our approach is that we know the full polariton wave function including the modification of the relative electron-hole motion, as illustrated in Fig. 4 . This allows us to obtain non-trivial light-induced corrections to the polariton-polariton interaction strength. To proceed, we introduce the exact zero-momentum lower polariton operator,
where the subscripts on ϕ LPk and γ LP indicate that these form the (normalized) solution of Eq. (11) at E = E LP , where E LP is the exact ground-state energy for one polariton. As in previous work [14-16, 28, 29] , we restrict ourselves to the Born approximation of polaritonpolariton interactions. In this case, the total energy of the two-polariton system is
where |P P ≡ P † P † |0 and we have reinstated the system area A. The second term corresponds to the interaction energy g PP N (N − 1)/2A for N = 2 identical bosons. Rearranging then gives
The form of Eq. (30) accounts for the fact that the polariton operator only approximately satisfies bosonic commutation relations due to its composite nature [14, 28] . Specifically, we note that P P |P P = 2 + O(a 
This result is rather appealing, since it has the exact same functional form as in the exciton limit [14] (see also Appendix C), which is simply obtained by taking ϕ LPk →Φ 1sk and E LP → −E B . Indeed, in this limit we recover the accepted value for the exciton-exciton interaction strength: g PP → g XX 3.03/m r = 6.06E B a PP that is proportional to Ωa 2 0 . However, there are conflicting predictions for the proportionality factor [14] [15] [16] , and all these predictions are derived under the assumption that the relative electron-hole wave function remains unchanged in the presence of light-matter coupling. By contrast, our approach provides a complete determination of g PP within the Born approximation, and hence all the previously obtained corrections are captured in Eq. (31), along with additional terms that contribute at the same order and higher than Ωa 2 0 (see Appendix C). In Fig. 5 we show our calculated polariton-polariton interaction strength as a function of detuning for different values of the light-matter coupling. We find that the simple approximation, β 4 g XX , works extremely well when Ω E B , as expected. Moreover, we see that g PP shifts upwards compared to β 4 g XX with increasing Rabi coupling, and the relative shift in the interaction strength is largest at negative detuning, where the polariton is photon dominated. However, the difference between g PP and g (0) PP is significantly smaller than that predicted by previous work [14-16, 28, 29] . Physically, this is because the light-matter coupling also decreases the size of the exciton in the LP, thus reducing the effect of exchange processes compared to the case where the exciton is taken to be rigid and unaffected by the light field. Therefore, calculations that neglect light-induced changes to the electron-hole wave function will drastically overestimate the size of the correction to g PP (see Appendix C). Note that we never see a reduction of g PP compared with g (0)
PP as was predicted in Ref. [17] -this is most likely be-cause that paper used an unrenormalized theory.
Finally, we remark on the limitations of the Born approximation. It is well-known that the low-energy scattering between tightly bound bosons depends logarithmically on energy, see, e.g., Refs. [47, 48] . This feature is absent in the Born approximation but has been derived in the context of ultracold atoms for what is equivalent to exciton-exciton scattering under the approximation of contact interactions [49] . Furthermore, beyond the Born approximation, the interaction should depend non-trivially on the electron-hole mass ratio [50] . On the other hand, polariton-polariton scattering involves potentially strongly off-shell exciton-exciton scattering, which may be better described by the Born approximation. In particular, for large and negative detuning, −δ E B , E B /|δ| could potentially act as a small parameter that suppresses higher-order interaction terms.
VI. CONCLUSIONS AND OUTLOOK
To summarize, we have presented a microscopic theory of exciton-polaritons in a semiconductor planar microcavity that explicitly involves electrons, holes, and photons. Crucially, we have shown that the light-matter coupling strongly renormalizes the cavity photon frequency in this model, a feature that has apparently been missed by all previous theoretical treatments. The UV divergence of the photon self energy in our model is found to be akin to the vacuum polarization in quantum electrodynamics that acts to screen the electromagnetic field. We have demonstrated how the redefinition of the excitonphoton detuning from its bare value leads to cutoff independent results, and how the microscopic model parameters can be related to the experimentally observed exciton-photon model parameters in the regime where Ω E B . Our approach furthermore provides concrete predictions for the regime of very strong light-matter coupling Ω ∼ E B , where the assumptions of the simple twolevel model cease to be justified.
As we increase the Rabi coupling, we find that the upper polariton is strongly affected by its proximity to excited excitonic states and the unbound electron-hole continuum. In particular, the weight of the upper polariton in the photon spectral response is visibly reduced as the photon becomes hybridized with higher energy electronhole states. By contrast, we find that the energy and photon fraction of the lower polariton are surprisingly well approximated by the two-level model in the very strong coupling regime. However, the electron-hole wave functions of both upper and lower polaritons are significantly modified by the coupling to light, consistent with recent measurements [27] . Our predictions for the photon spectral response and the electron-hole wave function can be tested in experiment.
Our work provides the foundation for future studies of few-and many-body physics within the microscopic model, since an understanding of the two-body electronhole problem in the presence of light-matter coupling is essential to such treatments. As a first demonstration, we have used the exact electron-hole wave function to properly determine non-trivial light-induced corrections to the polariton-polariton interaction strength. Most notably, we have shown that the effect of particle exchange on the Rabi coupling is much smaller than previously thought [14-16, 28, 29] due to the light-induced reduction of the exciton size in the lower polariton. This result has important implications for ongoing measurements of the polariton-polariton interaction strength, since many experiments feature Rabi couplings that lie within the very strong coupling regime.
Finally, we emphasize that our approach can be easily adapted to describe other scenarios with strong lightmatter coupling such as Rydberg exciton-polaritons in bulk materials [41, 51, 52] and excitonic resonances in an electron gas [53] .
where
is the exciton dispersion with the mass M ≡ m e +m h . Eq. (A2) is the finite-momentum analogue of Eq. (11) in Section III.
To proceed, as in the Sec. III we separate out the divergent part from the relative wave function ϕ
Inserting this expression into Eq. (A2) then yields two coupled equations for β
Again, all sums converge except for the sum on the left hand side of Eq. (A4b). Thus, we must again introduce the physical cavity photon frequency. As in Sec. III A we now consider the limit g a 0 E B where we can relate our model parameters to the usual two-level model used to describe exciton-polaritons. In this limit, the energies of interest satisfy E −E B +ω XQ , and we thus perform this replacement in the second sum on the right hand side of Eq. (A4a) and in the sum on the left hand side of Eq. (A4b), analogously to how we used E −E B in Sec. III A. Then the Q dependence becomes trivial and hence the renormalization procedure is exactly the same as in Sec. III A. Thus, defining β
and following the steps of Sec. III A, the coupled set of equations (A4) become
This results in the usual polariton dispersions given by the two-level model [3, 4] :
The photon transmission as a function of center-ofmass momentum shown in Fig. 3 is obtained by solving the coupled set of equations (A2) numerically using the renormalized parameters.
Appendix B: Photon spectrum and the 2D electron-hole T matrix
In this appendix, we provide further details on the diagrammatic approach to the renormalization of the cavity photon frequency presented in Sec. III B. We also discuss the integral representation of the electron-hole T matrix derived in Ref. [35] .
Our starting point is the photon self energy shown in Fig. 1(b) which we now write as
where G(k, k ; E) is the two-body electron-hole Green's function in the absence of light-matter coupling, with k and k the incoming and outgoing relative momenta, respectively. This in turn satisfies the Lippmann-Schwinger equation [34] 
(we again implicitly include a small positive imaginary part in the energy E). The solution of such an equation is commonly written in terms of a T matrix
where T (k, k ; E) satisfies
as illustrated in Fig. 1(c) . Combining Eqs. (B1) and (B3) we see that we reproduce the expression for the self energy in Eq. (24) . We now show that the spectrum of the dressed photon propagator, Eq. (21), equals that obtained from the variational approach via the set of equations (13) . To see this, compare Eqs. (13b) and (25) . These equations have exactly the same functional form, provided we identify
Applying the operator gγ k 1 E−ω k {·} to the equation satisfied by T , Eq. (B4), using the symmetry of T (k, k ; E) with respect to k ↔ k [54] , and using the replacement (B5), we indeed find that we exactly reproduce the equation for β k , Eq. (13a). Hence the left and right hand sides of Eq. (B5) satisfy the exact same integral equation, and consequently the two approaches produce the same spectrum.
We also note that Eq. (B5) implies that β(0) = k β k is finite as the momentum cutoff Λ → ∞; this can be seen by simple momentum power counting of all terms produced by iterating Eq. (B4) in Eq. (B5). Thus, the function β(r) is regular at the origin.
We now describe the integral representation of the 2D Coulomb Green's function derived in Ref. [35] , and the resulting expression for the electron-hole T matrix. The key to this representation is the mapping of the momentum k = (k x , k y ) (and likewise k ) in the equation satisfied by the Green's function, Eq. (B2), onto a threedimensional (3D) unit sphere: Setting E ≡ −k 2 0 /2m r , we define the 3D unit vector
Taking now the continuum limit, we denote the elementary solid angle on the unit sphere as dξ. Then we identify
Under this mapping, the Green's function can be expressed by variables on the unit sphere as
Solving (the continuum limit of) Eq. (B2) for Γ(ξ, ξ ) yields [35, 55] :
where ν ≡ − Finally, from the relationship between the electronhole Green's function and the T matrix, Eq. (B3), we find the integral representation of the two-body electronhole scattering T matrix in a manner similar to how this was recently done in three dimensions [56] :
where z ≡
Appendix C: Polariton-polariton interactions
In this section, we discuss how to obtain the elastic interaction constant between lower polaritons, Eq. (31), from Eq. (30): g PP /A = 1 2 P P |Ĥ − 2E LP |P P . Using the explicit form of the polariton operator, Eq. (28), and performing all contractions between operators, we obtain
Likewise, we find
At this point, a remark on units is in order. The interaction energy shift that we have calculated to extract g PP is formally within an area A, which we have set to 1 in this work. Reinstating briefly this factor, the two terms of Eq. (C2) are 1 and O(a 2 0 /A), respectively. However, the leading contribution (which does not scale as a scattering term) will cancel the corresponding contribution from Eq. (C1), such that in the end g PP ∼ E B a 2 0 , as required. Now, to arrive at Eq. (31) in the main text, we apply the normalization of the wave function,
as well as the equations satisfied by ϕ LPk and γ LP ,
This latter equation is used repeatedly to systematically replace terms containing γ LP with equivalent terms of a smaller power. In the following two subsections, we discuss the limiting case of exciton-exciton scattering, and the previously considered perturbative corrections to this in the presence of strong light-matter coupling.
Exciton-exciton scattering
For completeness, we now discuss the evaluation of the interaction constant g XX between two 1s excitons. This has been done previously in the literature, see e.g., Refs. [14, 29] . As shown in Ref. [14] , g XX takes the form 
which is identical to Eq. (31) when one takes ϕ LPk → Φ 1sk and E LP → −E B . Using the 1s exciton wave function, Eq. (6), and the method of residues, the first term is straightforward to evaluate, with the result 8π 2mr . The second term in Eq. (C6) can be evaluated with great accuracy using the following trick to deal with the integrable singularity originating from the Coulomb interaction. Start by shifting k − k → p and k + k → 2q. Then, the integral becomes 
This effectively makes the simple pole of the Coulomb interaction cancel with the corresponding term from the integration measure. We can now analytically perform the integral over first the angle between p and q and then over one of the momenta. The remaining integral is very well behaved numerically, and we find 2 k,k 
This is, of course, consistent with the results of Refs. [14, 29] .
Perturbative corrections to the polariton-polariton interaction
Here we compare our microscopic results with perturbative corrections to g (0) PP = β 4 g XX previously considered in the literature. The first of these is due to exciton oscillator saturation as investigated by Tassone and Yamamoto in Ref. [14] (see also Refs. [15, 29, 43] ). Secondly, we can consider the photon assisted exchange processes due to the strong off-shell scattering of excitons when coupled to light. We stress that both of these corrections assume that the relative electron-hole wave function in the lower polariton is unchanged from the 1s exciton state, unlike what we find in our microscopic model.
The exciton oscillator strength saturation [14] has been estimated to lead to the correction [43] 
This is expected to be important in the very strong coupling regime when Ω ∼ E B [14] . We can see how such a term arises naturally within our microscopic calculation, although we disagree with the prefactor. Using the Schrödinger equation satisfied by the lower polariton, Eq. (C4a), to replace E LP ϕ LPk in Eq. (31), and taking ϕ LPk → βΦ 1sk we find the correction to g
PP to be: 
We note that On the other hand, we can also consider the correction one would obtain if we take into account the change in the collision energy due to the photon detuning, while keeping the wave function unchanged. Under this approximation, we would have 
where in the last step we used the two-level expression for the lower polariton energy, Eq. (19) . Eq. (C12) has a form similar to the photon assisted exchange scattering matrix element derived in Ref. [16] (see also [57] ). As we have shown in Fig. 5 , when Ω E B the simple exciton approximation g PP g
PP ≡ β 4 g XX works very well. In the limit of very strong light-matter coupling where we find appreciable corrections to this result, the two perturbative corrections in Eqs. (C10) and (C12) greatly overestimate these. For instance, at zero detuning and Ω/E B = 0.5 we find g PP − g 
